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Abstract Bell’s inequality is investigated for the three qubit GHZ state in relativistic
regime. Two different relativistic spin operator are considered. One of them is defined by Lee
and Ee (New J. Phys. 6:67, 2004). and the other which is the Pauli-Lubanski pseudovector
used by Kim and Son (Phys. Rev. A 71:014102, 2005). It is shown that for both spin operator
Bell’s inequality is still maximally violated in a Lorentz-boosted frame.
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An important resource for quantum communication and computation is entanglement. Re-
cently, there has been much interest in the study of entanglement for inertial observers
[1–9]. Ahn et al. [4] calculated the Bell observable for the Bell states under Lorentz boost
and showed that the Bell’s inequality is not violated in the relativistic limit. They used the
relativistic spin observable which is closely related to the spatial components of the Pauli-
Lubanski pseudovector [5] and transformed the state under Lorentz boost accordingly. Their
results strongly suggested that the entanglement is not preserved under the Lorentz boost.
Lee et al. [1] showed that maximal violation of the Bell’s inequality can be achieved by
properly adjusting the directions of the spin measurement even in a relativistically moving
inertial frame. Kim et al. [2] obtained an observer-independent Bell’s inequality, so that it is
maximally violated as long as it is violated maximally in the rest frame. They showed that
the Bell observable and Bell states for Bell’s inequality should be transformed following the
principle of relativistic covariance, which results in a frame independent Bell’s inequality.
Moradi et al. [7] studied the Bell’s inequality for three-qubit GHZ state in relativistic frame
using the Czachor’s spin operator. In this paper we would like to investigate the Bell’s in-
equality for three particle states using two spin operators introduced in references [1] and [2]
and show that relativistic invariant Bell’s inequality can be achieved.
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First, we assume the spin measuring device is fixed in the lab frame and particles are
moving with the same velocity in the lab frame The relativistic spin observable used in
Ref. [1] is

â = �ap.�σ
|λ(�ap.�σ)| . (1)

The measuring axis �ap in the moving frame is the spatial part of Lorentz transformed
a μ

p = Lz(−ξ)μ
νa

ν where tanh ξ ≡ βp is the boost of particles. If three particles move in
+z direction we have

ap = (−az sinh ξ, ax, ay, az cosh ξ). (2)

Then the relativistic spin observable for particle 1 in the present case is

â = axσx + ayσy + azσz cosh ξ√
1 + a2

z sinh2 ξ

, (3)

there are the same relations for particles 2 and 3. The expectation value for joint spin mea-
surement of particles can be expressed as

〈â ⊗ b̂ ⊗ ĉ〉 = 〈ψ | �ap.�σ
|λ(�ap.�σ)| ⊗ �bp.�σ

|λ(�bp.�σ)| ⊗ �cp.�σ
|λ(�cp.�σ)| |ψ〉, (4)

where the state here is GHZ state and given by

|GHZ〉 = 1√
2
(|000〉 + |111〉)| �p1, �p2, �p3〉, (5)

here 0 and 1 represent spins polarized up and down along the z axis. Now, the expectation
value of the joint spin measurement (4) over state (5) is given by

E(�a, �b, �c) = axbxcx − axbycy − aybxcy − aybycx√
(1 + a2

z sinh2 ξ)(1 + b2
z sinh2 ξ)(1 + c2

z sinh2 ξ)

. (6)

The Bell’s inequality to the case of three particles in terms of correlation functions is as
follows

ε = |E(�a, �b, �c′) + E(�a, �b′, �c) + E( �a′, �b, �c) − E( �a′, �b′, �c′)| ≤ 2. (7)

The vector set inducing the maximal violation of Bell’s inequality for the GHZ state in the
non-relativistic case are

�a = �b = �c = ŷ,

�a′ = �b′ = �c′ = x̂.
(8)

Using the vector set (8) in (6) we get

E(�a, �b, �c′) = E(�a, �b′, �c) = E( �a′, �b, �c) = −E( �a′, �b′, �c′) = −1. (9)

Then we have ε = 4, which means that Bell’s inequality is dependent of particles velocities
and maximally violated.
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Now assume observers for particles are sitting in the moving frame Lorentz-boosted with
respect to the lab frame in a direction perpendicular to the particles’ velocities. Again, we
choose that particles are moving in the +z direction in the lab frame, and the moving frame
is Lorentz-boosted to the −x direction. In this case the relativistic correlation function is

E′(�a, �b, �c) = 〈GHZ′| �A.�σ ⊗ �B.�σ ⊗ �C.�σ
|�a	p||�b	p||�c	p| |GHZ′〉, (10)

where

�A =
⎛
⎜⎝

ax(cos2 θ − coshη sin2 θ) − az(1 + coshη) sin θ cos θ

ay

ax(1 + coshη) sin θ cos θ − az(sin2 θ − coshη cos2 θ)

⎞
⎟⎠ , (11)

and

|�a	p| =
√

1 + sinh2 η(ax sin θ + az cos θ)2. (12)

Here

tan θ ≡ (Ep sinhχ)/p = sinhχ

tanh ξ
, (13)

where χ and ξ are the boost speed and

tanhη ≡ | �p	|
E	p

=
√

(tanh2 ξ + sinh2 χ)

coshχ
. (14)

Finally |GHZ′〉 is the Lorentz transformed GHZ-state [7]

|GHZ′〉 = 1√
2
(g1|000〉 + g2|001〉 + g3|010〉 + g4|011〉

+ g5|100〉 + g6|101〉 + g7|110〉 + g8|111〉)| �p1 �p2 �p3〉	, (15)

where

g1 = cos3 δ

2
− sin3 δ

2
,

g2 = g3 = g5 = sin2 δ

2
cos

δ

2
+ sin

δ

2
cos2 δ

2
,

g4 = g6 = g7 = sin2 δ

2
cos

δ

2
− sin

δ

2
cos2 δ

2
,

g8 = cos3 δ

2
+ sin3 δ

2
.

(16)

Here δ is the Wigner’s rotation and defined as

tan δ ≡ sinh ξ sinhχ

cosh ξ + coshχ
. (17)
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Now the relativistic correlation function reduces to

E′(�a, �b, �c) = {(1 + sinh2 η(ax sin θ + az cos θ)2)(1 + sinh2 η(bx sin θ + bz cos θ)2)

× (1 + sinh2 η(cx sin θ + cz cos θ)2)}−1/2

× [AxBxCx(cos3 δ) − AzBzCz(sin3 δ)

− sin δ cos2 δ(AxBxCz + AxBzCx + AzBxCx)

+ sin2 δ cos δ(AxBzCz + AzBxCz + AzBzCx)

− cos δ(AxByCy + AyBxCy + AyByCx)

+ sin δ(AzByCy + AyBzCy + AyByCz)].
Using vector set (8) we get

E′(�a, �b, �c′) = E′(�a, �b′, �c) = E′( �a′, �b, �c)
= 1√

1 + sinh2 η sin2 θ
[− cos δ(cos2 θ − coshη sin2 θ)

+ sin δ(1 + coshη) sin θ cos θ ], (18)

and

E′( �a′, �b′, �c′) = 1√
(1 + sinh2 η sin2 θ)3

× [cos δ(cos2 θ − coshη sin2 θ) − sin δ(1 + coshη) sin θ cos θ ]3, (19)

putting (19) and (18) in (9) we arrive at

ε′ =
∣∣∣∣

3√
1 + sinh2 ηsin2 θ

[− cos δ(cos2 θ − coshηsin2 θ) + sin δ(1 + coshη)sin θcos θ ]

− 1√
(1 + sinh2 ηsin2 θ)3

[cos δ(cos2 θ − coshηsin2 θ)

− sin δ(1 + coshη)sin θcos θ ]3

∣∣∣∣. (20)

In both cases as χ → 0 or ξ → 0 the inequality maximally violated. One can show that we
have the maximum value for violation of inequality for any reference frame if the following
relations are satisfied

�Ac

|�ac	p | = �̃a,
�Bc

|�bc	p | = �̃
b,

�Cc

|�cc	p | = �̃c, (21)

where

�̃a = Ry(δ)�a,
�̃
b = Ry(δ)�b, �̃c = Ry(δ)�c, (22)

with

Ry(δ) =
⎛
⎝

cos δ 0 sin δ

0 0 0
− sin δ 0 cos δ

⎞
⎠ . (23)
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So Bell’s inequality is still maximally violated in a Lorentz-boosted frame, if we properly
choose new set of spin measurement directions. Here we do the same analysis using the
relativistic spin operator introduced in Ref. [2]

Ô(a) = 2aμWμ

mc�
. (24)

where the Pauli-Lubanski pseudovector Wμ in the rest frame is (0,m�S) and aμ = (0, �a).
The spin vector and the axis should be transformed by the appropriate transformation law.
The observable Ô(a, b, c) = Ô(a) ⊗ Ô(b) ⊗ Ô(c) transforms as

Ô ′(a, b, c) = U(	)Ô(a, b, c)U−1(	)

= (2/mc�)3aμbνcρU(	)Wμ ⊗ Wν ⊗ WρU
−1(	)

= 8�a.�SR ⊗ �b.�SR ⊗ �c.�SR,

(25)

where �SR = D(W)�SD−1(W), here D(W) is the Wigner representation of the Lorentz group
for spin- 1

2

D(W) =
(

cos δ
2 − sin δ

2

sin δ
2 cos δ

2

)
. (26)

Now the transformation of the spin is rewritten by the transformation of the axes along
with the following relation [2]

2�a.�SR = �a.D(W)�σD−1(W) = 2�aR.�S

=
(

az cos δ − ax sin δ az sin δ + ax cos δ − iay

az sin δ + ax cos δ + iay −az cos δ + ax sin δ

)
. (27)

Then we have

Ô ′(a, b, c) = 8�aR.�S ⊗ �bR.�S ⊗ �cR.�S = Ô(�aR, �bR, �cR). (28)

Under the Wigner rotation, the unit vector �a is transformed as

�aR = (ax cos δ + az sin δ, ay,−ax sin δ + az cos δ), (29)

after some mathematical manipulations, we get

E′(�a, �b, �c) = axbxcx − (axbycy + aybxcy + aybycx). (30)

Then the expectation value of GHZ state is invariant under the Lorentz boost. So the maxi-
mal violation of Bell’s inequality is maintained at any reference frame.
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